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Abstract. In this paper we prove that the variation operators associated with the heat 
semigroup and Riesz transforms related to the Schrodinger operator are bounded on the 
suitable BMO type space. 



1. Introduction 



We consider the Schrodinger operator Jzf defined by Jzf = —A + V(x) on R™, n > 3. Here 
V is a nonnegative and not identically zero function satisfying, for some q > n/2, the following 
reverse Holder inequality: 

{RH q ) There exists C > such that, for every ball 5cl", 



We write V £ RH q when V verifies the property (RH q ). Note that if V is a nonnegative 
polynomial, then V € RH q for every 1 < q < oo. Also, if V a (x) — \x\ a , x <E R™, V a belongs to 
RH q provided that aq > —n. Hence, V a € RH n / 2 when a > —2, and V a € RH n if a > — 1. 

Harmonic analysis operators related to Schrodinger operator (Riesz transforms, maximal op- 
erators associated with heat and Poisson semigroups for S£ . Littlewood-Paley g-functions, frac- 
tional integrals,...) have been extensively studied in last years. The papers of Shen and 
Zhong can be considered as the starting points. In [23] and [37] Riesz transforms in the 
Schrodinger setting were studied in L p -spaces. Other operators related to Jzf were investigated 
in L p -spaces in [5], [19], [25], [26] and [32], amongst others. 



Dziubanski and Zienkiewicz defined Hardy spaces associated with ££ (see [13], [TS], and |16|). 
A function / e L x (K n ) is in Hf(R n ) if and only if Wf(f) € L^M"), where 



and = {W^}t>o denotes the heat semigroup generated by — Jzf . 

The dual space of H^(W l ) was investigated in [13 . This dual space was characterized by 
the space BMO^ (W 1 ) of bounded mean oscillation functions. A function / € Lj oc (R. n ) is in 
BMO^ (W 1 ) provided that there exists C > such that the following two properties are satisfied: 

(i) For every x G R" and r > 0, 



where, as usual, fB(x,r) = [g(^ r)| Ib(x r) /(f)^f' anc ^ l^( :z; ' r )l denotes the Lebesgue measure of 
B(x,r): and 

(ii) For every a; € R™ and r > 7(0;), 




Wf(f) = S up\Wf(f)\, 



t>o 





Here, the critical radii 7(2) is defined by 
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Since V is not identically zero, < j(x) < oo. The norm ||/||_bmo- 2 '(R") of / G BMO^ (W 1 ) is 
defined by 

II/IIbmo^(E") = inf {C > : W and (ii) hold }- 
In [T3J the behavior on BMO^Ii") of certain maximal operators, Littlewood-Paley g func- 
tions and fractional integrals were studied. Also, the BMO^ (M n )-boundedness properties of 
the Riesz transforms have been analyzed in [1] , [T5] , [35] and [35] • 

Suppose that {T t }t>o is a family of operators defined in L p (M. n ), 1 < p < oo. If p > 2, the 
p-variation operator associated with {T t }t>o, V p (T t ), is defined by 

00 i/p 
^(T t )(/)(*) = sup (£ iTt.C/)^) -T tj+1 (/)(»)!") 

where the supremum is taken over all the real decreasing sequences {tj}" =1 that converge to 
zero. The operator V p (T t ) is related to the convergence of T t , as t — > + , and it estimates the 
fluctuations near the origin of the family {T t }t>o- 

We consider the linear space E p that consists of all those real functions F defined on (0, oo) 
such that 

ll*1k= sup if^\F(t 3 ) - F(t 3+1 )\") <oo, 

{t 3 }, S N-|.o y j=1 J 

where the supremum is taken over all the real decreasing sequence {tj}°° =1 that converge to zero. 
|| e is a seminorm on E p . The variation operator V p (T t ) can be rewritten in the following way 

V p (T t )(f)(x) = \\T t (f)(x)\\ Ep . 

The variation operator V p was introduced in the ergodic context by Bourgain [6] (see also 
Jones et al. [2T]). In last years many authors have investigated the variation operator associated 
to semigroups of operators and singular integrals ([7], [E]> HO], [H], [IB]) E2]> ES] an d ED)- 
Recently, Oberlin, Seeger, Tao, Thiele and Wright [27 have analyzed the variation norm related 
to Carleson Theorem. 

In a previous paper [2] the authors studied the L p -boundedness properties of the varia- 
tion operators for the heat semigroup {W^}t>o and the family of truncated Riesz transforms 
{Rf ,e } e >o- £ = !,••■ , n, in the Schrodinger context. Here our goal is to study the behavior of the 
variation operators V p (W^) and V p (R^' e ) in BM 0- s? (K n ). Previously, we analyze the variation 
operators V p {W t ) and V p (R\) in BMO(R n ), where {W t } t >o and {i?|} e>0 , € = 1, . . . , n, repre- 
sent the classical heat semigroup and truncated Riesz transforms, respectively. By BMO(M. n ) 
we denote the well known space of bounded mean oscillation functions in R" . 

This paper is organized as follows. In Section 2 we state our results. The proof of the theorems 
are showed in Sections 3 (classical setting) and 4 (Schrodinger context). 

Throughout this paper by C we denote a positive constant that can change from one line to 
another one. Moreover, if B(xo,ro) with xq € K™ and ro > 0, we define B* = B(xQ,2rg) and 
j^** (_£?*)* 

2. Main results 

As it is well known the heat semigroup {M / t}t>o generated by —A is defined, for every / € 
LP(R n ), 1 < p < oo, by 

W t (f)(x) = (47rf)-"/ 2 f e- Vx - y \ 2/At f(y)dy, x € R" and t > 0. 

The L p -boundedness properties of the variation operator V p (Wt), p > 2, was studied in |22l 
Theorem 3.3] and |101 Theorem 1.1]. 

Theorem 2.1. ( \2'2[ Theorem 3.3] and [10, Theorem 1.1] ) If p > 2, the variation operator V p (Wi) 
is bounded from L p (M. n ) into itself for every 1 < p < oo, and from L 1 (R") into I/ 1 '°°(IR™). 

In [TU] it was shown that the variation operator V p (Wt) is not bounded from L°°(W l ) into 
itself. Also, they defined in [10] Section 5] a function / G L°°(R) such that V p (W t )(f)(x) = oo, 
a.e. a; € M, for every p > 2. As it is well known L°°(]R 11 ) is a subset of the space BMO(R n ) of 
bounded mean oscillation functions. The behavior of V p (Wt) in the space BMO(R n ) is stated 
in the following. 
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Theorem 2.2. Let p > 2. If f £ BMO(W l ) and V p {W t ){f){x) < oo, a.e. x £ R n , then 
V p {W t )f £ BMO{R n ) and ||V p (W t )/|| flM o(R») < C\\f\\ BMO{ ^)- 

For every £ = 1, • • • , n, the Riesz transform Rf(f) of / £ L 1 (R n ), 1 < p < oo, is given by 
Ri(f)(x)= lim c„ / | Xt ~, y n e +1 f(y)dy, a.e. x £ R", 

where c„ = r((n + l)/2)/V n+1 )/ 2 . 

The variation operators for Rg, £ = 1, ...,n, were investigated in [7] and [8], where the 
following L p -boundedness properties were established. 

Theorem 2.3. fl7] Theorem 1.2] and gj Theorem A and Corollary 1.4]/ Let I = 1, . . . , n. If 

p > 2, f/ie variation operator V p {R\) is bounded from L p (R n ) into itself for every 1 < p < oo, 
and from L 1 (M n ) into L 1,00 (K™). 

By using transference methods Gillespie and Torrea f |18l Theorem B]), have proved dimension 
free L p (R n , \x\ a dx) norm inequalities, for every 1 < p < oo and — 1 < a < p — 1, for variation 
operators of the Riesz transform Re, £ = 1, . . . , n. The idea developed in the proof of |18[ Lemma 
1.4] allows us to analyze the behavior of the operators V p (Rf) on the space BMO(R"). Note 
that if t = 1, . . . ,n, / € BMO(R") and e > 0, then the integral f lx _ y>£ f(v) \™^&i dy may be 
not convergent when x £ R". Indeed, the function f(x) — i og (^ +2 ) X(o,oo)( a; ); f € R, belongs to 
L°°(M n ) C BAfO(IR n ) and the limit lim^oo / £< | 2 ._ y | <Ar ^^2/ does not exist, for any x £ K 
and e > 0. However, it is clear that, for every < e < rj and a; £ i". J E< i a; _ 1/ | < j ) |j/i^|L rfy < 
oo. Here, the operators V p (Rf) are defined on BMO(R n ) in the obvious way by replacing 
R e Af)(x) - R £ / +1 (f)(x) by Cn J Ej+i<lx _ yl<E J(y) J ^ fT dy, £ = 1, • • • , n and j £ N, where 
/ £ BMO(R n ). In HH Theorem B] it was proved that if / G L°°(]R n ) and p > 2 then, 
V p (H £ )(f)(x) = oo, a.e. x G M, or V p (H e )(f)(x) < oo, a.e. i£t, where iJ denotes the Riesz 
transform on K, that is, the Hilbert transform. Moreover, as it can be seen in \TT\ Section 1], if 
/(x) = sgn(x), iel. then V p (H e )(f)(x) = oo, a.e. iel. In the next result we establish the 
behavior of the variation operators V„{Rf) on BMOiW 1 ). 

Theorem 2.4. Let £ = l,...,n and p > 2. If f £ BMO(M. n ) and V p (R e e )(f)(x) < oo, a.e. 
x £ R n , then V p (Rf)(f) £ BMO(R n ) and \\V p (Rf)f\\ BMO(Rn) < C||/|| flMO(B »). 

We denote by {W^}t>o the heat semigroup associated with Jzf. For every t > 0, we can write 
Wf(f)(x) = Wf(x,y)f(y)dy, f £ L 2 (R n ). 

The main properties of the kernel function W^(x, y), x,y £ R n , can be encountered, for instance, 
in [13]. 

The L p -boundedness properties of the variation operator V p (Wf f ) were studied in [2J. 

Theorem 2.5. Theorem 1.1]/ Let V £ RH q where q > n/2 and let p > 2. Then, the 
variation operator V p (Wj^) is bounded from L p (R n ) into itself, for every 1 < p < oo, and from 
L 1 (R n ) into L 1 '°°(M n ). 

Our next result shows the behavior of the variation operator V p {W^) on BMO^ (R n ). 

Theorem 2.6. Let V £ RH q where q > n/2 and let p > 2. Then, the variation operator 
V p {Wf) is bounded from BMO^QfT) into itself. 

Let £ — 1, . . . , ri. The Riesz transform Rf is defined by 

Rf if) = ^^ 1/2 /, / e c c °° 

where C^°(R n ) denotes the space of smooth functions with compact support in R n . Here, the 
negative square root J^^ 1 / 2 of Jz? is defined in terms of the heat semigroup by 

^- 1/2 (f)(x) = 4= / Wf (/)(x)t" 1 / 2 dt. 
Jo 

Fractional powers of the Schrodinger operator jSf have been studied in [3 . 
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In Proposition 1.1] it was proved that Rf can be extended to L p (R) n as the principal 
value operator 

(1) Rf{f){x)= lim / Rf (x,y)f(y)dy, a.e. x&R n , 

e ^ 0+ J\x-y\>e 

where 

Rf(x,y) = -^-^- [ (-ir)- 1/2 T(x,y,T)dT, x,y&R n , x^y, 
2tt dx e J R 

provided that 

(i) 1 < p < oo, and V G RH n ; 

(ii) 1 < p < po, where i = 1 - i, and V G RH q , n/2 < q < n. 

Moreover, Rf is bounded from L p (M. n ) into itself when 1 < p < oo and from L 1 (IR n ) into 
L 1 '°°(M n ), provided that V G RH n . Also, i?f is bounded from L p (R n ) into itself when 1< p < 
p Q and V G with n/2 < g < n ([2HJ Theorems 0.5 and 0.8]). 

The formal adjoint operator of Rf defined by 

#f (/)(*)= lim / Rf(y,x)f(y)dy, a.e. x G M", 

£ ^ 0+ J|o:-j(|>e 

is bounded from L p (M n ) into itself when Pq < p < oo and G RH q , with n/2 < q < n, where 
as usual p' a denotes the exponent conjugated to pq. 

By defining the truncated Riesz transforms R e : , e > 0, in the obvious way, the L p - 
boundedness properties for the variation operator V p (Rf' £ ) were established in [2 . 

Theorem 2.7. ([2, Theorem 1.2]/ Lett = 1, . . . ,n. Assume that p>2 and V G RH q , q > n/2. 
Then, the variation operator V p (R,f'' e ) is bounded from L p (BL n ) into itself, when 1 < p < po, 
where ~ = ^ . Moreover, the operator V p {Rf' £ ) is bounded from L 1 (R n ) into L 1 ' 00 (M"). 

If / G BMO y (IR n ) and £ = 1, • • • , n, the limit in (l) exists for a.e. (see 0). Thus, 

the Riesz transform Rf is defined by |l]) in BMO^ (W 1 ). As it was mentioned earlier, in the 
classical case the situation is different. The behavior of the variation operators associated with 
the Riesz transforms Rf is established in the following. 

Theorem 2.8. Let p > 2, 1=1, ...,n and V G RH q . 

(i) If q > n, then the variation operator V p (Rf' e ) is bounded from BMO^ (R n ) into itself. 

(ii) If q > n/2, then the variation operator V p (&f' e ) is bounded from BMO^ '(R n ) into itself. 

Note that there exists a difference between the results in the classical and in the Schrodinger 
settings. In the latter case the operators are defined in the whole BMO^ (R n ), while in the 
classical case it is necessary to impose a "finite hypothesis". This fact was observed at first time 
in [13]. 

In order to analyze operators in the Schrodinger context on BMO^ (K™) we shall use some 
ideas developed in [13J and we will again exploit that the Schrodinger operator Jz? = —A + V, 
where V G RH q , with q > n/2, is actually a nice perturbation of the Laplacian operator —A. 

Throughout the proof of the results that we have just showed the following properties will 
play an important role. 

According to [TBI Proposition 2.14] we choose a sequence {xk}^ =1 C W 1 , such that if = 
B(xk,"f(xk)), k G N, the following properties hold: 

(i) ur = iQfc = R"; 

(ii) For every m G N there exist C, (3 > such that, for every k G N, 

card {leN: 2 m Q t n 2 m Q k ^ 0} < C2 mfs . 

According to [T3l p. 346, after Lemma 9], if H is an operator and / G BMO^(M™), then 
Hf G BMO^fR") provided that there exists a positive constant C such that, for every k G N, 
retT Jq* \ H (f)( x )\ dx ^ C 1I/IIbmo^(r«) j and 

(it fc ) #/ G BMO(Q*) and ||ff/|| B MO(Q*) < CII/Hemo^E-)- Here BMO(Q*) denotes the 
usual BMO-space on Q* k . 

Moreover, we have that 

\\Hf\\ <M\\f\\ 
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where the constant M > only depends on the constant C. 

Note that if the property (ik) above holds for every k € N then, \H(f)(x)\ < oo, for almost 
every x £ M. n . This fact is different from the one appeared in the classical Euclidean case (see 
Theorem 2.2 and Theorem 2.4 [T]). 



3. Proof of Theorems 12.21 and 12.4 



In this section we show our results about the behavior of the variation operator for the classical 
heat semigroup and Riesz transforms on BMO(M. n ). 



3.1. Proof of Theorem |2^| Assume that / G BMO(R n ) and V p (W t )(f)(x) < oo, a.e. x € W 1 . 

Let B = B(xq, r ), with x € K™ and r > 0. We write 

/ = (/ - .f B )XB> +(f- f B )X(B*y +fs = h + h + h- 
According to Theorem |2.1[ we have 

(2) 



\V p (W t )(h)(x)\'dx<C / \f(x)-f B fdx<C\B\\\f\\ BMO(Kn) . 
Jb* 

Then V p {W t ){h){x) < oo, a.e. x G R n . Moreover, since {W t } t>0 is Markovian, V p (W t )(f 3 ) = 0. 
We choose x\ £ B(xo,r ) such that V p (W t ){f 2 ){xi) < oo. 

If E p denotes the space introduced in Section 1, we can write 



(3) 



1 

W\ 



\V p (W t )(f)(x)-V p (W t )(f 2 )(xi)\dx 

IW)(z)|| Bp HIWa)(*i)l| B , 
\\W t (f)(x)-W t (h)(xi)\\ EB dx 



< 



1 

W\ 
i 

W\ 
1 

W\ 



dx 



< 



\B\ 



\W t (h){x) + W t (f 2 )(x) - W t {h)( Xl )\\ E 
1 



dx 



\W t (f 1 )(x)\\ E dx + 



B\ 



||Wi(/a)(a:) - W t (/ 2 )(a;i)||^ dx. 



According to d2j) we get 



(4) 



1 

W\ 



\W t (fi)(x)\\ En dx< 



1 

\B\ 



\V p (W t )(.h)(x)\ 2 dx) <C\\f\ 



\BMO< 



Also, Minkowski inequality and [10j p. 91] lead to 



(5) 



\B\ 



\\W t (h)(x)-W t {h){xi)\\ Ep dx 

W t (x,y)f 2 (y)dy- I W t (x 1 ,y)f 2 (y)dy 



1 

W\ 



dx 



< C T 



\B\ 



< 



C 

W\ 



\\W t (x,y)-W t (x 1 ,y)\\ Ep \f 2 (y)\dydx 
\x-xi\ 



bJ(b*y \ x -y\ 



T[\f{y) - fB\dydx 



< C 

< C 



r 



1 



\B\ JbJ{ B 'Y {\v~xv\~\xv-x\Y+ 
ro 



E 



- fB\dydx 

1 



'"^1 ^ B fe~l •>2 k r <\y-Xo\<2 k + 1 r (If ~~ X o\ _ \ X ~ x 

' 1 ' \f(y) - f B \dy < C\\f\ 



Ty^t\f(v)-f B \dydx 



oo 



< c V 

- £j 2* (2*r„)« 4_ Xo|<2 



BMO( 
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In the last inequality we have used the following well known property (see [34, VIII, Proposition 
3-2]) 

/ \f(y)-fB\dy<Cm\\f\\ B MO(Rn), meN. 



\2 m B 

>From ([3]), Q and ^ we conclude that 
1 

\b 



V p (W t )(f)(x) - V p {W t ){h){ Xl )\dx < C\\f\\ BMO{ w 



Thus, we prove that V p {W t )(f) G BMO{W l ). 

Remark 3.1. After a careful read of the proof of Theorem \2.2\ we can deduce the following result 
that will be useful in the proof of Theorem \2.6\ 

Proposition 3.1. Let p > 2 and si be a set of real decreasing sequences that converge to zero. 
Assume that 

V p ^(W t )(f)(x) = sup (J2\Wt j (f)(x)-W tj+1 (f)(x)\") P <oo,a.e.xeQ, 

where Q is a ball in K™ and f G BMO(W l ). Suppose that B is a ball contained in Q. We define 
f 2 = (/ — ./b)X(b*) c an d we choose X\ G B such that V p ^(Wt)(f 2 )(xi) < 00. Then, 

±- J \\W t {f)(x) - W t (f 2 )( Xl )\\ E ^dx < C\\f\\ BMO <R»), 

where, for every function h : (0, 00) t— > C, \\h\\ E & is defined by 



■ i/p 



; / 1 7 ■ 

and C > does not depend on s/, f , nor B. 



sup (V|/i(tj)-'»(ij+i) 



3.2. Proof of Theorem [2^4} Assume that / e BMO(W l ) and that V p (Rf)(f)(x) < 00, a.e. 
x £ R n . To see that V p {Rj)[f) G BMO{W L ) we extend to R n the procedure developed in the 
proof of [181 Lemma 1.4]. 

Let B = B(x , r ) be a ball in K™. We decompose /, as usual, by / = f\ + f 2 + fz, where 
h = (/ - }b)xb-, h = (f ~ fB)X(B**y and / 3 = f B . According to Theorem]^ we have 

(6) / \V p (Rl)(h)(x)\ 2 dx<C [ \f(x)-f B \ 2 dx<C\B\\\f\ 



\BMO(R n )- 

jk" j a** 

Then, V p {RI){fi){x) < 00, a.e. x G i". Moreover, V p {R e e )(f 3 ) = 0. Then, since V p (R\)(f){x) < 
00, a.e. x G R™, also V p (R e l )(f 2 )(x) < 00, a.e. x G R". We choose x\ G B such that 
V p (Rf)(f 2 )(xi) < 00. 

If E p denotes the space defined in Section 1, by ^ we can write 

( 7 ) t4i / 



< |4 J \\B$(f)(x) - R £ e (f 2 )(x 1 )\\ Ep dx 

- W\ / B H^K/i)WII^^+^| JjRl(h)(x)-RKf2)(xi)\\ E 

< C\\f\\ BMO{Rn) + ± [ \\RKf2)(x) - Rl{h){xi)\\ E( ,dx. 



We define R t (z) = Cn-^+r, z = (zi, ■■■ , z n ) G R" \ {0}. We have that 

(8) \\RKh)(x) - RKf 2 )(x 1 )\\ Ep < A x (x) + A 2 (x), xeB 

where, for every x G B, 



- y) - - y))f 2 {y)dy 

\x-y\>e 
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and 



M{x) = / {X{e<\x-y\}(y) - X{e<\x 1 -y\}(y)) Rl{Xl ~ V) h{y)dy 

By using Minkowski inequality and well known properties of the function Rt(z) we get 
M{x) < / \R l {x-y)-R l {x 1 -y)\\f{y)- f B \x(B**y{y)dy 

JR™ 

f^ 2 J2"r a <\x„-y\<2^r \x - y\ n + L 
°° 1 1 f 

(9) < C\\f\\ BM o{^), xeB. 

In order to analyze Ai we split, for every j G N, the integral there (under ||.||b p ) in four terms 
as follows. Let {ej}jL 1 be a real decreasing sequence that converges to zero. It follows that 

(10) X{e j + l <\x-y\<ej}{y) X{e j + l <\x l -y\<s j } (y)\\Ri(x 1 -y)\\f 2 (y)\dy 

JR" 

" ° (X* x ^^+ i < x -y^ <E ^ i + 2ro ^ y " lx ^^+ i < x -y^ <£ ^^ \ Xl - y \n \h(y)\ d y 

+ I X{e J + 1 <\x 1 -y\<e J + 1 +2r }{y)X{e ] + 1 <\x 1 ~y\<e J }(y)T—^—^\f2{y)\dy 

jr" \ x i — y\ 

}{y) W^W lhiy)ldy ) 

= C(A 3 2il (x)+A J 2 2 (x)+A : ' 2iS (x)+A 3 2A (x)), x e B and j e N. 

Observe that if x e B, then A 2 m (x) = 0, when m = l,3,jgN and r > £j+i- Also, if x € B, 
then A 2 m (x) = 0, when m = 2, 4, j e N and r > £j. 

Let j e N. Since 2\x — y\ > \x^ — y\ > ^\x — y\, y ^ B** and x e B, Holder inequality leads to 

A il( X ) ^ C X{e ] + 1 <\x-y\<e 3 }{y) ^ ^ y \ ns 1/2^)1"^ vf +1 , XEB, 

A i2^) < C X{m3x{ ej+1 ,§ ej }<|x-y|< ej }(l/) | x _^|„ s l-M^V) wf , X £ B, 

A{ 3 (x) < C ^x {Ej+1 <| ai -„|< ej . } (y) |a;i ^ y|n J /2(y)| 8 dy) v&i, * e B, 



and 



A i4(^) < c (jf b X{n m { ej+1 ,^ J }<ix 1 -vi< ej }(y) |^-j^p l/2(y)l' d y) w f > x e s - 

Here 1 < s < oo, s' = and Uj = (ej + 2r )™ — e". Note that «j < C max{r , £j} n_1 ro, for a 
certain C > 0. 

We define the set srf = { j e N : r < £-,}. We have that 

" Cr ° /S (/ re X{ej+1<|x ^ l<£j}(2;) R^F^ Tdy ) ' 

for every x £ B and j + 1 £ £/. In a similar way we can see that 

A{ 2 (x) < Crl' s ' Xfe . +i<k _ y|<£j . } ( y )_^L_^ 7 , x £ B and j S ^, 
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1/s 



x e B and j + lerf, 



and 



4aW < Cry*' ^K|,-»|<,}M ^fc ^) 7 , x <E B and j e jz/. 
Hence, we get 

E(4 1 (z)+4 2 (ao) p> ) < E 141^)1" +Ei4a( 



_ * -. x 

3=1 / Vj+ie.a' ie^ 



< 



(11) < C||/||bmo(r»), x^B. 

In a similar way we get 

/oo \^ 

(12) lEl^isW + ^Wrj <C||/||bmo (R "), 



>From (10 1, (111 and (12) we infer that 

(13) A 2 (x) <C||/|| BM o(R-), 
Then Q, (|9) and Q imply that 

(14) i/ |^(^)(/)(^-^(^)(/2)(^l)|^<q|/||BMO( R ")- 



Thus, we prove that I/ p (i?f )(/) G BMO(R"). 



By proceeding as in the above proof we can establish the following result that will be useful 
in the sequel. 

Proposition 3.2. Let a > and I = 1, ...,n. We define, for every e > aiid / € i 1 1 oc (IR n ) ; 

= / i Xl Jl l +1 f(y)dy. 

Js<\x-y\<a \ x U\ 

Then, if p > 2, we have that for every f <E BMO(R n ), V p (Rf a )(f) € BMO(R"), and 

\\Vp(Re,a)(f)\\BMO(M n ) < C||/||BMO(R")) 

where C > (foes no£ depend on f nor on a. 

Note that, for every a > 0, / € BMOQfT) and ^ = 1, . . . , n, Vp{R e La ){f){x) < oo, a.e. 
x e R n . Indeed, let a > 0, / e BMO(K n ) and £ = l,...,n. Suppose that m e N. Since 
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V p( R e,a)(f) < v p( R i)(f) and / e Lf oc (R"), according to Theorem [2~3| we have that 
V p (m a )(f)(x)dx < 



B(0,m) 



^p(- R !,a)(/Xs(o,m+a))(a;)rfa; 



B(0,m) 

< / V p (Rl)(f X B(o ,m+a) 

JB(0,m) 



< 



vW / (V p (i?I)(/x s( o, m+0 ))( : r)) : 

v ' R(0,m) 

\f{x)\ 2 dx\ < oo. 



1/2 



B(0,m+a) 



Hence, V p (R e ta )(f)(x) < oo, a.e. x e i?(0, m). 



4. Proof of Theorems 12.61 and 12.81 

In this section we establish the boundedness in BMO^ (R n ) of the variation operators for the 
heat semigroup and Riesz transforms in the Schrodinger setting. 



4.1. Proof of Theorem 



2.6 



Assume that / e BMO^ (M n ). Our objective is to show that 



V p (W^)(f) satisfies the properties (i k ) and (iik), for every k € N (see Section 2). 

Fix k £ N. We now prove (ik), that is, there exists C > 0, independent of fc, such that 



1 



We decompose Wj^(f) as follows 

(/)(*) = tfjg (/)(*) + Lf t {f){x), xeR n andt> 0, 

where 

HkAf){x) = Wf(f)(x)x { t> 7 ( Xk )* } (t), x e R n and t > 0. 

It is clear that 

(15) V p (Wf )(f) < V p (H*)(f) + V p {Lf >t ){f). 

Let {tj}j% 1 be a real decreasing sequence that converges to zero. Suppose that j k € N is such 
that tj k+1 < j(x k ) 2 < tj k . We can write 



oo 



Vp 



< E i^f(/)W-^f +1 (/)Wi + i^f fc (/)Wi 

^ ElT tw?(f)(x)dt +\W t f k (f)(x)\ 



< 



j = l -otj + l 



d Wf(x,y)\f(y)\dydt+ sup \Wf(f)(x)\ 



Of 



t>-r(x k ) 2 



n hk {f){x) + n^ k (f)(x), 



Hence 
(16) 



(17) 



v P (H^ t )(f)<n hk (f) + n 2 , k (f)- 

According to |13[ (5.4)], we get 

1 



\Q 



k\ JQ 



\tt2,k{f)(x)\dx < C\\f\\ BMO M {9 ny 



10 



J.J. BETANCOR, J.C. FARINA, E. HARBOURE, AND L. RODRlGUEZ-MESA 



By using [13, (2.11)], since 7(2) ~ j(xk), when x £ Qk, we obtain 



hi*,.) 2 

ti^( i+ tV)"(/ +£/ )i/ (y) i(i + ^)- 1 -"^ 

f 00 1/ 1 /" 

< C/ TTT? 1+ ? V TT^T / \f(y)\dydt, XGQk. 

Moreover, by [Till Lemma 2], it follows that 

E 2 m(l+nW2 / , l/(f)l d f 
^ £ 2 m(l+n)W2 / , J/0/)l^+ S 0^(1+1)^/2 / , J/(tf)Ml/ 

< c||/IU*o»c-)( £ ^( 1 + log ^S) + £^ 

< C||/IUmo^(K»)) t>j(x k f and x e Q k . 
Then, 



«!,*(/)(*) < C 9 (l + — T I|/|| B M ^( R .) 



< en/11 



Hence, we obtain 

(18) W\Sq ^ k ^ x)dx ^ C H/IIbmo^(r»)- 

By combining (16 1, (17) and (l8| we get 
1 /■ 



(19) V p (H% t )(f){x)da:<C\\f\\ BM o*<v>y 

Here C > does not depend on fc. 
We now decompose / as follows 

/ = fxQi + fx(Q* k Y =h + h- 

It is clear that 

(20) V p (Lf t )(f) < V p {Ll t ){h) + V„(L% t )(h). 
By proceeding as above we get 

V p (Lf >t )(h)(x) < C{ sup ( J2 \Wt*Ux){x)-W* +1 {h){x)\>>) l/P 

+ sup \Wf (h)(x)\) 

< CiVriWfXMW + WfViXx)), xel" 

Since W^f and V P {W^) are bounded operators from L 2 (M. n ) into itself (see Theorem 2.1 1 it 
follows that 



\Q k \J Qk " x K ' t/Wi " ' " V|Q fc 



1/2 
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Then, from |13[ Corollary 3], we deduce that 



(21) 



1 



V p (Lf t M)(x)dx < C||/|| smo ^ (r „ 3 . 



\Qk\ JQ 

On the other hand, we can write 



V p (Lf t )(f 2 )(x) < 



l{x k f 



d_ 
Ft 



Wf(x,y)\f(y)\dydt+ sup \Wf(f 2 )(x)\ 



0<t<~f(x k ) 2 



(22) = tl 3tk (f)(x) + n 4 , k (f)(x), xeR n . 

According to |13l (2.7)], for certain C, c > 0, we get 



(23) 



/ 


dt 1 


<-l 








< c 


Jo 


< c 


Jo 


< c 





Wf(x,y) \f(y)\dydt 



\x-y\>i(x k ) 



dt 



Wf(x,y) 



dt\f(y)\dy 



\x-y\>~/{x k ) 
oo 



„-c\x-y\ 2 /t 

\f(y)\ W2+1 dtdy 



=0 J23j(x h )<\x-y\<2i+iy(x h ) 



f - v\ 



(n+l)/2 



dydt 



1 °° 1 

iy 1 



Vt {^l{x k )) n+1 J\x-y\<2J + ^(x k ) 



\f(v)\dydt 



< 



C ^2 OjOirvlv, \\n 



2^7(Zfc))" J\ Xk - yl < 2 l+3y( Xk ) 

^3,k(f)(x)dx < C||/|| BM o^( R n) 



\f(y)\dy <C\\f\\ BMO * {Rn) , xeQ k . 



Then, by (23 1, 



\Qk\ JQ 

Moreover, since |/| G BMO^(R n ), [H Theorem 6] implies that 



1 



|<3fc| jQ k 

Hence, we conclude that 



rse 



Sk, k (f)(x)dx < / Wf(\f\)(x)dx<C\\f\\ BMO x iRn y 



(24) 



1 



\Q 



k\ jQ k 



ft I JQ 



V p (L% t )(f 2 )(x)dx < C||/||bmo^ (R ")- 



(25) 



By combining (21 1 and (|24j) we deduce 
1 



\Q 



V p (L% t )(f)(x)dx < C\\f\\ BMO * {Rn) 



k\ jQ k 



Finally, ([15]), ([19) and ([25]) imply that 

-j- / V p (W?)(f)(x)dx<C\\f\\ BMO * m . 

\Qk\ JQ k 

Note that C > does not depend on k. 
Thus the property (i k ) is established. 

We are now going to prove (ii k ). Assume that B = B(xq, ro) C Q* k , with Xq £ R n and r$ > 0. 
Our objective is to see that 

1 r Kiwfmw-cMdxKCWfWt 



(26) 



\B\ 



iBMO^f 



for a certain constant cb, where C > does not depend on k nor on B. We decompose Wj~ as 
follows 

(27) W?(f) = H£(f) + (L% t (f)-L k , t (f)) + L k M), *>0, 
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where Hjf t and Ljf t are defined as before, and 

L k ,t(f) = ^(/)X{o<t< 7 (z fe ) 2 }W' * > 0. 

Suppose that c B = ||/ib||e , where h B '■ (0, oo) i— > C is a function that will be specified later. 
Then, we can write 

\V p (Wf)(f){x)-c B \ = \\\Wf(f)(x)\\ Ep -\\h B }\ Ep \ 

< \\Wf(f)(x)-h B (t)\\ Ep 

< \\H^(f)(x) + (L% t (f)(x) - L k , t {f)(x)) + L k , t (f){x) - h B {t)\\ Ep 

< \\H*(f)(x)\\ Ep + \\Lf t (f)(x) - L k . t {f){x)\\ Ep + \\L k ,{f){x) - h B (t)h 

Then, ( |26[ ) will be shown when we prove the following three properties: 

iAlf^f B \\H*(f)(x)\\E,dx < C||/|| bmo ^ (k „ ); 

(A2) i J B \\Lf t {f){x) - L Kt {f){x)\\ Ep dx < C||/|| bmo ^ (r „ ); and 

(A3) J B \\L k , t (f)(x) - h B (t)\\ Ep dx < C\\f\\ BMO * {Rn) , 
for a certain function h B : (0, oo) n- C, and where C > is independent of k and B. 



According to (J 1 6[) we have 

1, 



v r ,(fl-f t )(/)<n 1 ,*(/) + n 2lfc (/). 



By proceeding as above we get 

(28) |fii,*(/)(aOI < C||/||hmo*(r»}, x G Ql 
Moreover, by [13, (5.4)], 

(29) l«2,*(/)(aOI < C||/||bmo*(r»). x e Ql 



>From (|28) and (|29j> it follows that (Al) holds. 
To establish (A2) we firstly observe that 



7(^) 2 



d 



V p (Lf !t -L k>t )(f)(x) < J J Qt(Wf(x,y)-W t (x,y))\f(y)\dydt 
+ sup \Wf(f)(x)-W t (f)(x)\ 

0<t<j(x k ) 2 

= tt 5)fe (/)(aO + n 6 ,fc (/)(*), xeR n . 

By [T3J (5.5)] we get 

(30) n 6 ,fc(/)(a:) < C||/||bmo*(R"). ^Ql 

The perturbation formula ([13, (5.25)]) allows us to write 
d_ 

Ft 



(W t (x,y)-Wf(x,y)) = / V(z)W t %(x, z)W t/2 (z, y)dz 

4/2 f „, , d 



o 



/ V r (z)Wi?.(ar,«)^-W a (2,|/)d«da 

t/2 Jt" 0,5 
3 

Kj(x,y, t), i,i/6lR" andt>0. 



x-^r + |^-y|- 



According to [T3J (2.3) and (2.8)], we get 

|ifi(x,|/,t)| < Ct -B / ^(z)e~ '~ " «'«" " dz 

< Ci-"/ 2 e-^ / V{z)r n / 2 e~^dz 



< C 1 {x)- s t- 1+{s - n ^ 2 e- J ^ 1 - , i,i;eM™ and < i < ~i{x k ) 2 . 
Here and in the sequel 6 represents a positive constant. 



VARIATION OPERATORS ON BMO IN THE SCHRODINGER SETTING 



13 



Moreover, by using [H| (2.7) and (2.8)], since t/2 < t - s < t when < s < t/2, it follows 
that 

f t/2 f 1 I — I 2 1 Ijs-s)| 2 

|^ 2 (x,y,i)l < C / V(zW ^— j.e-e^^e-^dzds 



o 7 K „ v '(t-a)i+»/a s n/2 



t/2 



JR 



1 J*-*! 2 1 l*-«l 2 



6/2 



i jx-»i 2 r /z r „, , i 



-e 



, , V(z) — c s dzds 

fl+n/2 / / v 7 t.n/2 

1 ./0 J*" S 



< j(y)~ S t~ 1 +^- n )/ 2 e - c ^- , x, y G K n and < * < 7 (x fc ) 2 . 
By proceeding in a similar way we obtain 

|^ 3 (z,y,*)| < C 7 (?;)- 5 t- 1+(5 - n)/2 e- c ^, z, y G R" and < t < 7 (^) 2 . 
Hence, since 7 (x) ~ 7 (y) ~ 7 (£fc)i provided that \x — y\ < 7 (xfc) and cc G Q^., we conclude that 

(wf(x,y)-W t {x,y))\< C^y)"^-^-")/ 2 ^^, x G Q* k , \x-y\ < 7 (x fe ) and < i < 7 (:r fe ) 2 . 



at 

We obtain that, for certain C, c > 



/•70/c) 2 +5/2-1 /■ -c\x-y\ 2 /t 
p(xk) 2 +5/2-1 00 -c2 2] r 

/■7(^)c) 2 +5/2-1 00 ojn -c2 2j /> 

Jo 70**)* ^ (2Vi)" y|x-3/|<23Vi 



A:' 



Moreover, by |JL3J Lemma 3.14], since 7 (x) ~ 7 (^fe), x£(J 

^ (2Wt) n J\x-y\<2iyft 

VjGN, 2^Vt<7(a:) j'eN, 2J\/t>7(x) 



< C|I/IIbmo^(r-) f~/f^l 



, x G Q* k and < t < ^(xk) 2 , 



where e G (0, 5). 

Therefore, we have that 



p(x k ) 2 +5/2-l-e/2 

(3i) n 5tk (f)( x )<c\\f\\ 

BMO^(l") 7 (Xfe) <5_£ ^ — ^'II/IIbMO^(R")' x ^ 

>From @ and ^3lJ we infer (A2). 
By (|27j it follows that 

< ^(W^ )(/) + V p {H% t ){f) + V p (L% t - L M )(/). 
By proceeding as in the proof of (i k ) we get 



p 

Ql 



V p (Wf)(f)(x)dx < oo. 



Then, ^(W^X/Xx) < oo, a.e. x <E Q* k 
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>From (30 1 and (311 we deduce V p (Lf t - L kit )(f)(x) < oo, a.e. x € Q* k . Also, by (28 1 and 



<|2Ql, V p (H^){f)(x) < oo, a.e. x e Q%. 

Hence, V p (L kt )(f)(x) < oo, a.e. x € Q^. We consider the following decomposition of / 

/ = (/ - .f B )XB> +(f- f B )X(B*y + Ib = h + h + h- 

Note that 

i/p 



V p {U t )[f x ){x) < C 



( sup (^2\W tj 

{ t j}je»: t i< , y( x k) 2 j=l 



{h){x)-W t]+1 {h){x)\> 



+ sup 

0<t<7(^fc) 2 

< C{V p {W t ){h){x) + W*{h){x)). 

Then, since W* and V p (Wt) are bounded operators from L 2 (IR n ) into itself (see Theorem 2.1 1, 
we obtain 

\V p {L k>t ){h){x)\dx < c(\Q k \J B Jf(x)-f B \ 2 dx) 1/2 

< C(\B\\Q k \)^ 2 \\f\\ BM0 ^ {mn) < oo. 

Hence V p (L ktt )(fi){x) < oo, a.e. x € Q* k . 

Also, since J Rn W t (x,y)dy = 1, x £ W 1 and t > 0, we get 

V p (L k;t )(f 3 ) = \f B \< c, xel". 

Therefore, we deduce that V p (L kt )(f2)(x) < oo, a.e. x € 

We choose zi e B such that ^(Lfc t)(/2)0*i) < oo and we define h B (t) = L k ^(f 2 )(zi), 
t € (0,oo). 

Suppose that {ijj-jgN is a real decreasing sequence that converges to zero and that j k € N is 
such that tj k < j(x k ) 2 and tj h -\ > j(x k ) 2 . We can write 



p\ i/p 



(E \ L k,t s {f)( x ) ~ L k , tj {h){zi) - (L kitj+1 (f)(x) - L kitj+1 (f 2 )( Zl ))\ ) 

OO 

= ( E K(/)M - ^ tj (/ 2 )(z 1 ) - (Wi J+l (/)(aO - ^ tj+1 (/ 2 )(z 1 ))| P + \w tjk (f)(x) - W tjk (f 2 )( Zl )\ P ) 

3=3 k 

°° P 1/ 

< c(( ^ j^.tf)^) - ^.(/ 2 )( Zl ) - - ^ +1 (/2)(^l))[) 



3=3k 



+ sup |W t (/)(i) - W t {h){ Zl )\. 

0<t< P (x k ) 2 

We have that 

\\L k , t (f)to\\E,-\\hB\\E„\ 

OO 

{t j } je ?,l0,0<t j <~,(x k ) 2 j = 1 1 

+ sup \W t (f)(x)-W t (f 2 )( Zl )\. 

0<t< P (x k y 

By taking into account Proposition |3.1| we obtain 



p\ i/p 



1 



sup 



(E \w tj (f)(x) - W tj (f 2 )( Zl ) - (W tj+1 (f)(x) - W t]+1 (f 2 )( Zl ))\ P ) 



p\ i/p 



\ B \ Jb {t J }j eH ;o,o<t 3 < 7 (x fc ) 2 \ =1 

(32) < C , ||/|| BM0 ^(gn). 

Also, according to |13| Pages 348 and 349] it follows that 
1 



dx 



(33) 



\B\ 



sup \W t (f)(x) - W t {f 2 ){ Zl )\dx < C\\J\\ BMO * {Rn) . 

B 0<t< P (x k ) 2 



>From ([32] and ([33] we deduce (A3). 

Note that in all the occurrences the constant C > does not depend on k nor on B. 
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Thus the proof of (ii k ) is finished. 



4.2. Proof of Theorem 2.8 (i) Assume, without lost of generality ([17]). that V £ RH q where 
q > n. We are going to prove that the variation operator V p (R,f' £ ) is bounded from BMO^ (M™) 
into itself. We consider, for every k £ N, the local operators 



Rf k (.f)(x) = PV 



\x-y\<-y(x k ) 



Rf(x,y)f(y)dy, 



and 



R Lk (f)(x) = PV f 



\x-y\<i(x k ) 



Re(x - y)f(y)dy. 



Note that \y - x k \ < 3~/(x k ) when x £ Q* k and \x-y\< j(x k ). Then, if / £ BMO (M n ), 



Ri,k(f)( x ) = lim 



Re( x -y)f(y)X3Q k (y)dy, a.e.xeQl, 



* 0+ J s<\x-y\<-i(x k ) 

that is, this limit exists for almost all x £ Q* k when / £ BMO^fR"). Also, Rf k {f){x) is defined 



for almost every x £ Q* k when / £ BMO r (R") (see [2j Proposition 1.1]). 

Let / £ BMO^M"). We are going to show, for every k £ N, the properties (i k ) and (iik) 



when H = V p (Rf ,£ ). Let k £ N. We can write 



v p (Rfnu) = {v P (Rfn(f)-v P (Rf k n(f)) 



+ (V P (RT/)(f) - V p (Rl k )(f)) + V p (Rl k )(f) 
= F hk + F 2 , k + V p (Ri k )(f). 



We have that 

\Fi, k (x)\ < V p (Rf' e - Rf k E )(f)(x) 



sup \J2 



J =1 



e j + 1 <\x-y\<€j 



Rf{x,y)f{y)dy- 



e j+ x<\x-y\<ej, \x-y\<~/(x k ) 



Rf{x,y)f(y)dy 



sup \J2 



J =1 



e j+1 <\x-y\<Sj ,\x-y\>i{xk) 



Rf(x,y)f(y)dy 



Vp 



< 



Rf(x,y)\\f(y)\dy, x £ Q* k . 



I \x-y\>j(x k ) 

Then, according to [4, Lemma 3, (a)], since j(xk) > Mj(x), x £ Qt, for a certain < M < 1 
that does not depend on k £ N, it follows that 

1 ' -\f(y)\dy 



\Fi, k (x)\ < C 



\x-y\>M 7 (x) \x -y\ n l + \x - y\/j(x) 

1 



1 



J ~' Q JM2i 1 {x)<\x-y\<M2i+^ 1 (x) N ~ 2/1" 1 + l& ~ J/I/tO) 



< cV 1 1 

- Z_. # (2J 7 (z))» y|x-»|<2i+i 7 (x) 



Also, by using [U Lemma 3, (b)], we obtain 
\F %k {x)\ < V p (Rf k e - Rl k )(f)(x) 



sup 



E 



(Rf(x,y)-R e (x-y))f(y)dy 



Ej + i<\x—y\<£j, \x-y\<~/(x k ) 



1/p 



< 



k-y|<7(^fe) 



(x,y)-R i (x-y)\\f(y)\dy 



< C 



\x- y \<~f(x k ) \x-y\ n V 70) 



f - y| 



2-n/q 



\f(y)\dy, xeQ* k 
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Then, since j(x) ~ 7(2;^), x G Holder inequality implies that 

\ 1 / r 



\F 2 , k (x)\ < C 



C 



\x-y 



(2— n/q— n)r 



dy 



1 



\x-y\<~t(x k ) 
1 



l(Xk) 2 n/q \/*-»l<7(«*) 



1/r' 



l/(s/)l r dy 



1/r' 



7(»fc) n y|a-v|< 7 (x fc ) 



l/(j/)| r dj/ < C|l/|lBMO^(E") 5 



Here, 1 < r < n/(n — 2 + n/g). 

Since, for j = 1,2, F i)fe € L°°(Q* k ) and H-F^H^^*) < CH/IIbmo-^CR™); where C does not 
depend on k 6 N. In order to see that the properties (ife) and (iife) hold for H = V p (R^' 6 ) it is 
sufficient to establish those properties for H — V p (Rf k ). 

Fix again k E N. Then 



V p (Rl k )(f)(x) = sup £ 



J =1 



e j + 1 <\x-y\<e j ,\x-y\<'Y(xk) 



Ri{x - y)f(y)dy 



sup 1^2 

{Ejljeuj-O Yj- = i J £j + i<\x-y\<ej,\x-y\<~f(x k ) 

< V p (Rl k )(f XQT )(x), xeQt 
Hence, according to Theorem |2. 3 1 we have 



Re(x - y)f{y)xQ"{y)dy 



1 



\Qk 



\v p (m k )(f)(x)\dx < 



1 



(34) 



C 



\Qk\ Jq 
( 1 



1/2 



IQ 



^(^)(/ X q.)(z)|^ 

-J Jf(x)fdx) <C\\f\\ 



Let now xq G M 71 and ro > such that B = B(xo,ro) C Then, by using Proposition 3.2 
we can see 

' ' l^(^, fe )(/)W-^(^l, fe )(/2)(^)|^<C||/|| BM0 ^ (K n ) 



151 



where / 2 = (/-/b)X(b**)= and Zi € -B is such that V^i?! fe )(/ 2 )(zi) < 00. Hence, V p {R\ k ){j) € 
BMO(Q£) and 



(35) 



l^ / p(- R !,fe)(/)llBMO(Q*) < C||/||bMO^( 



Note that the constants C > appearing in (34) and (35 1 do not depend on k e N. Thus the 
proof of the desired result is finished. 

(m) Assume now that V G RH q where n/2 < q. It is sufficient to consider n/2 < q < n (|17j). 
By proceeding as in the proof of the previous case, this result will be established when we see 
that, for every fc G N, the operators defined by 



Ti.fc (/)(*) = 



and 



T 2> *(/)(aO 



\x-y\>i(x k ) 



Rf(y,x)-R e (y-x)\\f(y)\dy, 



Rf(y,x)\\f(y)\dy, 



l\x-y\<~f(x k ) 

map BMO^ (R") into L°°(Q* k ), and, for i = 1,2, 

\\Ti,k(f)\\L~(Ql) < C||/IIbmo^(K») 5 / G BMO sf (R n ), 
where C > does not depend on k G N. 
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Let fceN and / e BMO y (i"). According to p. 538], we have that 

* 'XL..,. l-,-,"^'^ 

+ / i in / ■ x^l 

^i»-yi>7(**) I s - fl C 1 + l- T - yl/7W) a 4-,i<^ I* - y\ n ^ J 

= C(T 1Ajk (f)(x)+T lt2>k (f)(x)), xeQl, 

where a > will be chosen later large enough. 
As it was shown earlier, we have 

(36) \\T h iAf)\\L~( Ql ) < C\\f\\ BMO * (Rn) , 

provided that a > 1. 

On the other hand, since 7(2;) ~ y(%k) when x G Q* k , we can write 

\Ti,2,k(f)(x)\ < cf \ ) I \f(y)\[ t ^L. dzdy 

00 / \ 1/Po 



7 / 



\x-z\<2i+ 2 1 (x k ) \ z — y\ n 1 



dz 



dy\ , x G Qfe, 



where ^ = | — ^. Then, the L p -boundedness properties of the fractional integrals ( |31| p. 354]) 
lead us to 

iw/)wi < cii/iUmo-,.., g (t^, i^wi"") " ■ « « 

By using the properties of V and 7 ([H Lemma 1]) we obtain, for a certain /i > 0, 

\ 1/9 

|V(*)|«dz < C(2^ 7 ( a ; fe ))-"^'2^ 7 (x fc )^ 2 , .x G 01,. 



(X 



|a:- Z |<23+2 7 ( a . (c ) 

It follows that, by choosing a > large enough, 

00 _^ 

|Tl,2,fc(/)(aj)| < C||/IIbMO^(R™) 2j{a +n/ qo -l+n/ q >-n) 

3=0 

(37) < C||/||hmO*(R»), ^Q^. 



We conclude from ( 36 1 and ( 37 1 that 



\\Tl,k(f)\\L^(Q' k ) < C'II/IIbMO^(H™)) 



where C > does not depend on k G N. 
According to [29 , (5.9)] we get 



I I \ 2—n/q 



\T 2 , k (f)ix)\ < C / , ^ 

+ / 1 — W / , 1 y( |L d *l/(y)l<fri 

^l*-»l<-r(**) F-l/r -/ly-^K^ l*-»r / 
= C(T 2)1 , fe (/)(x)+T 2 , 2 , fe (/)(z)), a: G Q* k . 

By proceeding as in the first part of this proof we have that 

(38) F 2 ,i,*(/)||i- W! ) < C||/||bmo*(»»)- 
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We can also write 

\T 22k (f)(x)\ < cf [ , i / , V{Z } dzdy 

1/Po 



j=0" 



< 



< 



C E f9- ? r / l/(y)l p °<^ 

(2 J 7 (^)) n Vl»-»|<a-i 7 (*i.) / 

(/ , . \ Po \ Vpo 

I ( I , v[z A A 
Jr" \J\ x -z\<2-i+^(x k ) \y - z r J J 

— i tt( I V(zY'dz\ 



- (2-J 7 ( a ; fc ))«- 1 -«/Po ^J| !C _ z | <2 -i + i 7(xji) 

1/Po 

|/(j/)l p °dy I , 



\(2 J l(x k )) n J\x-y\<2-i-y(x k ) 

where — = - — A. 

Po <? n 

Since V G and 7(2;) ~ 7(2;*;), when x € we have ((H Lemma 1]) 

V{zYdz) < Cj(x k ) n /«- 2 , xeQl 
B(xa-^+ 1 1 (x k )) j 

Moreover, an argument like the one used to show [TBI Lemma 2] allows us to get 

\ 1 /Po 

\f(y)f°dy) <Cj\\f\\ BMO * m . 



1 



\J2 ^{x k )) n J lx ^ yl<2 -^ {xk) 
Then. 



|T 2 , 2 , fc (/)(x)| < cy——\^ J — 1 {x k y 



1 ^<T,\ n /i- 2 

(1-3 vd, 

3=0 

(39) < CH/llBMo^cRn), x&Q% 

Note that ^-l = ^- 2<0. 

Po 



BMO^f 



By combining ( 38 1 and ( 39 ) we conclude that 

ll?2,fc(/)llz°°(Q*) < C||/IIbmo^ , (r™)> 

where C > does not depend on k £ N. 
Thus the proof is finished. 
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